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Abstract 
Rush, D.E.. Rings with two-generated ideals, Journal of Pure and Applied Algebra 73 (1991) 
257-275. 
A commutative ring R is said to have the two-generator property if each idea! of R can be 
generated by two elements, and is said to be stable if each regular idea! of R is projective over 
its endomorphism ring. It is known that for a one-dimensional local Macaulay ring the 
two-generator property implies stability but not conversely. We extend some of the known 
results on rings with the two-generator property to stable rings, and determine conditions under 
which stable rings have the two-generator property. We also extend a structure theorem for 
certain finitely generated torsionfree modules over rings with the two-generator property, and 
some of its consequences for cancellation of direct summands, to one-dimensional rings which 
may not have finite integral closure. and remove the finite intzgra! closure hypothesis from a 
characterization of Greither of commutative group rings with the two-generator property. 
Introduction 
Let R be a commutative Noetherian one-dimensional ring with total quotient 
ring K and let R denote the integral closure of R in K. A well-known property of 
Dedekind domains is that every ideal can be generated by two elements. In [l] 
Bass observed that this condition on a commutative ring R is intimately related to 
the question of the decomposability of torsionfree R-modules into direct sums of 
ideals, and to several other very desirable properties of R. Many refinements and 
extensions of these results and some new ones as well have been obtained since 
then. However, with a few exceptions [15, 17, 231, these results were obtained 
only under the hypothesis that R has finite integral closure, a hypothesis that is 
called ‘somewhat crippling’ in the introduction of [ 153, and ‘an irritant’ in [26]. 
Indeed it is well known that one-dimensional Noetherian rings need not have 
finite integral closure [18, p. 2111, and as was pointed out in [23, p. 3281, Nagata’s 
construction shows that this can happen even if R is an integral domain such that 
each ideal of R is generated by two elements. Further, it is shown in 117, pp. 
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138-1391 that if R is a one-dimensional local domain whose integral closure is not 
a finite R-module, then there exists a ring T between R and the quotient field of R 
such that each ideal of T is generated by two elements and the integral closure of 
T is not a finite T-module. The purpose of this paper is to continue some of the 
work ia [lS], [17], and [23] on the two-generator property in the absence of the 
finite integr al closure assumption. All of our results will be for one-dimensional 
Noetherian rings which are Macaulay and which have no primes which are both 
minimal and maximal. Recall that a one-dimensional local Macaulay ring R has 
finite integral closure if and only if its completion R* is reduced [17, Theorem 
10.21, that is, R* contains no nonzero nilpotents. In particular, r? is not a finite 
R-module if R itself is not reduced. We will not assume that our rings are 
reduced. 
Before describing :!rs results in more detail we give some terminology. If an 
ideal I of R can be generated by two elements, then we say that I is hYo-generated, 
and if every ideal of R is two-generated, we say that R has the two-generator 
property. An ideal I of R which is regular (i.e. contains a non-zerodivisor) is said 
to be stable if 2 is a projective ideal of Horn& I). If in addition R is local, then 
the stable ideals can also be described as those regular ideals I for which 
Z,(I”/Z”+‘) = the multiplicity of I for all n 2 1 [12, Theorem 9.11, where Z,(A) 
denotes the length of the R-module A. It then follows that l,(R/I”) = e,n - e, for 
all n 2 1, where e, is the multiplicity of I and the reduction number e, of I is 
e, - l,(RII), since 
l,(RII”) = i l,JZ”-‘ltk) = l,(RII) + (n - l)e, . 
h-=1 
If every regular ideal of R is stable, then R is said to be stable. 
An important class of rings which are not Dedekind but have the two-generator 
property are the nonmaximal orders in quadratic number fields, and it was shown 
in [3, Theorem 2, p. 1391 that such rings are stable. It was shown in [l] that the 
two-generator property implies that R is stable if R is reduced and R is a finite 
R-module. Under this assumption, the stability of R was later shown by several 
authors [4,9, 10,221 to be equivalent to the two-generator property. However, in 
[23] it was shown that, even for domains, the two-generator property is strictly 
stronger than stability of R. After collecting some relevant Trevious results in 
Section 1, we extend some of the known results on rings with- the two-generator 
property to stable rings in Section 2. 
In [l] it was also shown that if R is reduced and has finite integral closure &, 
then R has the two-generator property if and only if every subring B of R 
containing R is Gorenstein. In [15] it was shown that in the case of integral 
domains, this result continues to hold without the restriction on the integral 
closure. In Section 3 we extend this and several other characterizations of rings 
with the two-generator property to more general rings. In particular, t% obstruc- 
tion to stability of R implying the two-generator property is that R must be 
Gorenstein. 
Reduced rings R with the two-generator property which have finite integral 
closure are often called Rass rings. In addition to their properties considered 
above, Bass rings are of interest because over these rings finitely generated 
torsionfree modules are isomorphic to direct sums of ideals [ 11. Indeed, even for 
non-Noetherian rings the property that each finitely generated ideal is generated 
by two elements plays an important part in th= Lomposition of torsionfrcc 
modules. (See [16] and the references listed there for information on this.) 
Questions about decompositions of modules become more difficult without the 
finite integral closure assumption, because if R is a finite R-module. then one can 
usually reduce immediately to considering only the finitely many primes contain- 
ing the conductor. Thus the existence of decompositions in the finite integral 
closure case reduces essentially to the local case and patching. In extending from 
domains to more general one-dimensional Noetherian rings we are led to the class 
of torsionfree R-modules M such that _M BR K is a free K-module. After a general 
result which gives a criterion for such a module to have a free summand we 
extend a structure theorem of Borevic and Fadeev [2] for such modules to all 
rings as above which have the two-gener-tnr * a v1 ,roperty. This answers a question on 
one-dimensional Noetherian domains mentioned by Matlis in [15] and [ 161. 
In Section 5 we apply the theorem on decompositions of torsionfree R-modules 
to questions on the genus and cancellation of summands, and in Section 6 we 
extend a theorem of Greither [7] on how the two-generator property of R is 
related to the same property of a group ring R[ G], where G is a finite abehan 
group. 
1. Summary of relevant previous results 
In this section we review some definitions and results which will be referred to 
later. Recall that a local Noetherian ring R is said to be Gorenstein if R has finite 
injective dimension as an R-module, or equivalently R is a Macaulay ring in which 
some system of parameters generates an irreducible ideal [l , Theorem 4. l]. A 
Noetherian ring R is said to be Gorenstein if R, is Gorenstein for each maximal 
ideal P of R. The standard reference on this topic is [l]. Most of the results on 
Gorenstein rings that will be needed in this paper are summarized in the folluwing 
theorem which is a specialization of [l, Theorem 6.31 to the case that R is 
Macaulay . 
Theorem 1.1. Let R be a Macaulay ring such that each maximal ideal of R has 
height one. Then the following conditions are equivalent. 
(i) R is Gorenstein. 
(ii) (I - ’ )- ’ = I for each regular ideal I of R. 
(iii) I’ I c J are regular ideals of R. then l(JII) = l(I-‘/.I-‘). 
(iv) For each maximal ideal m of R, m - ‘i R s R lm. 
(v) For each maximal ideal m of R.. m - ’ is two-generated. 0 
The above result is the same as [ 1, Theorem 6.31 except that in [ 11 the extra 
hypothesis that the total quotient ring K of R is Gorenstein is included instead of 
the assumption that R is a Macauiay ring. The implication (i) + (ii) above follows 
from the implication (i) 3 (ii) of [ 1, Theorem 6.31 since if R is Gorenstein K is 
also. The implications (ii) 3 (iii) 3 (iv) e (v) are immediate, and as observed ir 
[l] just prior to [ 1, Theorem 6.31, the dimension of m-‘/R as a vector space over 
R/m is the number of irreducible components in a parameter ideal of R,,. Thus 
(iv) 3 (i) since, as remarked above, a Macaulay local ring is Gorenstein if some 
parameter ideal (= regular principal ideal in this case) is irreducible. 
Lemma 1.2 (Handelman [9, Lemma 51). Let F be a field and let T be a 
finite-dimensional unital F-algebra with the property that all F-submodules of T 
containing the identity ure algebras. Then T must be one of the following: 
(9 F; 
(ii) a quadratic field extension of F; 
(iii) F x F; 
(iv) a local ring with square zero radical and residue field F; 
(v) F x F x F, in this case F = Z /2Z, Z = the rational integers. Cl 
Theorem 1.3 (Handelman [9, Theorem 61). If R is a one-dimensional Noetherian 
domain with finite integral closure, then R has the two-generator property if and 
only if the following two conditions hold. 
(a) Each R-submodule X of I? containing R is a ring. 
(b) There does not exist a maximal ideal m of R such that Rlm z 7 i2Z and 
( m Ik’ m)lm%!/2ECZi22X2/22. cl 
Theorem 1.4. 1j R is a one-dimensional reduced ring with finite integral closure, 
then the following conditions are equivalent. 
(i) Every ideal of R can be generated by two elements. 
(ii) R is stable. q 
The implication (i) + (ii) of the above theorem is due to Bass [ 1, Proposition 
7.1 and Corollary 7.31. The converse is proved in [22, Theorem 2.41. Athough 
the definition of stable used in [22] is that I is projective over Horil,(I, I) for 
every ideal I, the procf works since a canonical ideal is regular by definition [ 11, 
p. 195. 
Recall that if I is a regular ideal of the one-dimensional Noetherian ring R with 
total quotient ring K, then the ring obtained by blowing up I is defined as 
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R’ = u ((I” ZK I’) 1 112 l}, 112, pp. 651-6521. If I is stable. it follows that 
R’ = (I : K I). If (R, m) is semilocal, we define [Cze seqrttfzce of blowups to be the 
sequence of overrings R = R, C R, C Rz, . . . , where Ri+ 1 is obtained by blowing 
up the radical of Ri. We will use the following result of Lipman on the sequence 
of blowups 112, p. 675, proof of Theorem 4.61. 
Lemma 1.5. If R is one-dimensional local Macaulay ring. then R = U { Ri 1 i 2 0} , 
where R = R,, and Ri = is the ring obtained by blowing up the radical of Ri _ , for 
each positive integer i. Cl 
2. Stable rings 
In this section we give a characterization of stable rings which helps to compare 
the two-generator property and stability in the case of rings without finite integral 
closure. Recall that R is a one-dimensional Macaulay ring with total quotient ring 
K and integral closure R, and no prime ideal of R is both minimal and maximal. If 
A, B, and C are R-submodules of K, then (x E C 1 xB C A} is denoted (A +- B), 
and (R + B) is denoted B -I. 
Lemma 2.1. If R is a stable ring, then each R-submodule X of R containing R is a 
ring. 
Proof. This is proved in [9] under the additional assumptions that R is an integral 
domain with finite integral closure, and Handelman’s proof is easily extended. For 
the convenience of the reader we include the details. Let X be a finitely generated 
R-submodule of R containing R. Then X is isomorphic to a regular ideal of R and 
so, by the stability of R, X is projective over Hom,(X, X) = (X :K X), which we 
call 5. Thus X is invertible over B. Thus B = X(B :K X). To show that X is a ring 
we will show X = B. Since 1 E X we have B c X. Thus (B :K X) C B, and 
lEB=X(B:.X)Ctl(B:.X).So(B:.X)isanidealofBwhichblowsupin 
the integral extension R of B. Thus (B :K X) = B. This shows that each finite 
R-submodule of R containing R is a ring. Then every R-submodule of R 
containing R is a ring since a directed union of rings is a ring. •J 
In [23, Theorem 3.61 it is shown that the integral closure R of a local ring 
(R, m) with the two-generator property is either a finite R-module or is quasi- 
local. It will follow from the next lemma that this continues to hold for stable 
rings. 
Lemma 2.2. Let (R, m) be local with the property that each finitely generated 
R-submodule X of R containkrg R is a ring. If I? is not a finite R-module, then R 
has only one maximal ideal. 
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Proof. Assume that R has rz r: 2 maximal ideals. Then by [ 12, Proposition 1. I] 
there is a finite overring S of R such that fnS = XS for some x’ E S and by possibly 
enlarging S further we may assume S has N maximal ideals. Then, since every 
R-submodule of S containing R is a ring, every R/m-subspace of SImS containing 
the identity is an Rlnz-algebra. Thus we can apply Lemma I.2 to SI&. Since the 
cases (i), (ii) and (iv) do not occur, it follows that XS = rilzS is the product of the 
maximal ideals of S. Therefore, each maximal ideal of S is invertible and thus 
principal. This implies S = R, and thus R is a finite R-module. El 
2 Corollary 2.. Let (R, m) be a stable local yirzg. Therr either 
(i) R is quasi-local or 
(ii) R is a finite R-module. 
Proof. By Lemma 2.1 each R-submodule X of R containing R is a ring. Thus the 
result follows from Lemima 2.2. El 
We now have the following characterization of stability for Noetherian rings 
which is similar to Theorem I .3. 
Theorem 2.4. Ler R be Q one-dimensional Noetherian ring. Then R is stable if and 
only if the following conditions hold. 
(i) Each (or each finitely generated) R-&module X of R containing R is a 
ring. 
(ii) Each maximal ideal of R has at most two maxin& ideals in l? lying over it. 
Proof. We may assume that (R, m) is local. 
Assume that R is stable. Then (i) holds by Lemma 2.1. For (ii) note that by 
Corollary 2.3, if R is not quasi-local, then R is a finite R-module. Therefore, in 
this case the hypothesis implies that R has the two-generator property by 
Theorem 1.4. In particular, since R is isomorphic to an ideal, R is two-generated. 
Let J denote the Jacobson radical of R. It follows that RIJl? has dimension at 
most two as a vector space over R/m. Thus E can have at most two maximal 
ideals. 
For the converse let I be a regular idea! of R. By [12, Proposition 1.11 there 
exists a module-finite overring S of R such that IS is principal. If S has more than 
one maximal ideal, then it has at most two by hypothesis. Denote them by M and 
N. (Possibly M = N.) 
Claim 1: I~MIu NI. 
Proof. First observe that @MI. Otherwise we would have IS c MIS. Localiz- 
ing at M and applying Nakayama’s lemma then produces IS, = 0 which con- 
tradicts the regularity of I. Similarity 1g NZ. Let x, E I - MI and x, E I - NZ. 
Now if I C MI U A’I, then x, E AU, x2 E MI and we get the contradiction _Y = 
x, + x2 E I - (MI U Nf). This proves the claim. 
Now choose x E I - (MI U AV). Then clearly iS = A-S and s is regular. 
Claim 2: x-9 is a ring. 
Proof. Since IR = xE, we have x-‘l~ = I? an so l?~x-“I~&~-‘Ijb= i?. Now 
hypothesis (i) completes the claim. 
Claim 3: I = x(I zK I). (Hence I is a projective (j :K I)-module.) 
Proof. Let a E (I :K I). Now xE I, so ax E 1. Thus ~$1 :K I) c I. For 
the opposite inclusion let a E I. To show that ax-’ E (I :K I) let b CE 1. Then 
ax-%x-’ E Ix-’ since Ix-’ is a ring, and hence ux-‘b E 2. Thus ax-’ E (I :K I). 
Therefore, I is stable for every regular ideal 1. 0 
3. The two-generator property 
The main theorem of this section gives several characterizations of rings R with 
the two-generator property. We need some additional terminology. In [24] an 
R-module M is said to be d&&z&e if its submodule lattice satisfies (A n 
B) + C = (A + C) n (B + C), and is called serial if its submodules are linearly 
ordered with respect to inclusion. It follows thar an R-module M is distributive if 
and only if M,,, is a serial R,-module for each maximal idea1 rn of R [24]. 
The following lemma on stable rings will be used in the next two theorems. 
Lemma 3.1. Let (R, m) be a stable local ring which is not Gorenstein, arld let 
R, = (m :K m). Then R, is local with residue field Rlm and is not Gorenstein. 
Proof. Since R is not Gorenstein, m is not a principal ideal of R and hence 
m-‘=(m:Km)= R,. By Lemma 2.1, every R-submodule of R which contains R 
is a ring. Thus if R has more than one maximal ideal, then R is a finite R-module 
by Corollary 2.3. But if R is a finite R-module, then the stability of R implies that 
R has the two-generator property by Theorem 1.4, which implies that R is 
Gorenstein by Theorem 1.1, a contradiction. Thus R is quasi-local, and hence R , 
is local. We therefore get from Lemma 1.2 that one of the following holds: 
(I) R&m = Rlm, 
(II) R, lm is a quadratic field extension of R/m, 
(III) R, is local with maximal ideal m, such that mf c m and R, lm , = R/m. 
In case (I) we have R, = R, which is impossible, and in case (II) it follows that 
l,(R 1 lR) = 1, and thus R is Gorenstein, a contradiction. Thus we must be in case 
(III). In particular, R 1 is local with residue field R/m. To prove that R 1 is not 
Gorenstein we may continue to assume that (III) holds. If m, a is principal ideal 
of R,, then R,lm, E m,lmt is simple and thus rnf = m. Thus R,/m has length 2, 
and so RJR has length 1, and therefore R is Gorenstein by Theorem 1.1. Thus 
m, is not a principal idea1 of R, , and hence m f # m. Then (R, : K m 1 ) = 
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( IZI 1 : K HZ 1 ), and we denote this ring R?. If R, is Gorenstein, then RJR, has 
length 1, and thus R,!m, has length 2 as R or R, -modules. Since m, is 
R,-projective. l,(m,lm;) = I,(R,lm,) = 2, and therefore l,(R,lmi) = 3. Thus 
from rni C m C R! we get that RJR has length 1, and hence R is Gorenstein, a 
contradiction. Thus R, is not Gorenstein. This completes the proof. 0 
The following result is well known if R has finite integral closure. In addition, 
the implication (4) + (3) was also given in [23, Theorem 3.41. The equivalence 
(l)e (4) was given for domains in [ 151. Another characterization under the 
hypothesis of Theorem 3.2 is that R has the two-generator property if and only if 
for every maximal ideal ~1 the multiplicity of R,,, is 52 [23, Lemma 3.21. This was 
rediscovered in [7] in the case that R is reduced and has finite integral closure. See 
the introduction of [lS] for some further history. 
Theorem 3.2. Let R be a one-dimensional Macaulay ring in which maximal ideals 
are not minimal primes. Then the following properties elf R are equivalent. 
(1) Every finite overring S of R is Gorenstein. 
(2) R is stable and, for each maximal ideal m of R, some ring in the sequence of 
blow-ups of R,,, is Gorenstein. 
(3) Every ma&al idcal of R is stable and R is Gorenstein. 
(4) Every ideal (or regular ideal) of R is two-generated. 
(5) R iR is a distributive R-module. 
Proof. Since each of these properties is easily seen to be a local property we 
assume throughout that R is local with maximal ideal m. The proofs of (1) I$ (2) 
and (3) 3 (4) are adaptations of some of the arguments given in [15] for the 
domain case. 
(1) 3 (2) Let I be a regular ideal of R. We may assume that I is not principal. 
Then B = I :K I is a finite R-module and thus is Gorenstein. To show that Z is 
B-projective let A# = (B : K A) for each B-submodule A of K. If Z is not 
B-projective, ZZ# # B. Thus ZZ# c P for some maximal ideal P of B. Thus 
P#ZZ# C P#P c B 3 P#Z c I## and I## = Z since B is Gorenstein. Thus P# c B 
and hence P# = B. This contradicts either grade P = 1 or P## = P 
(2) + (3) This follows from Lemma 3.1. 
(3) + (4) If m is principal, then R is a discrete valuation ring. So we may 
assume that mm- ’ # R, and since m c mm-’ G R, then m = mm-‘. Thus m-’ = 
m :,m = R”‘, and m - ’ is two-generated over R by Theorem 1.1 since R is 
Gorenstein. Since m is stable by hypothesis, m is a projective module over 
( in zKm)= R”‘, a semilocal ring. Thus m = R”‘a, a E m, and so m is two- 
generated. We get l,(mlm’) = 2 and 
m2 =mR”‘a=maCRaCmCR 
3 l,(RIRaJ = 2. 
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Let I be a regular ideal of R. To show that I is two-generated we may assume that 
I is not principal. Then 
where the last equality holds since R is Gorenstein by Theorem I. 1. Thus I is an 
R”’ ideal and Im = IR”‘a = la. Thus 
l,(IlmI) = l,(IlaI) = I,(RlaI) - l,(RII) 
= I,(RIaR) + l,(aRlaI) - l,(RII) = l,(RIaR) = 2. 
Thus every regular ideal of R is two-generated. But by [23, Corollary 3.31 this 
implies that every ideal of R is two-generated. 
(4) + (5) Let J be a finitely generated R-submodule of ? containing R. Then J 
is generated by two elements. Since 1 $ mR, then 1 $5 razJ, and thus one of these 
generators can be chosen to be 1. Thus each finitely generated submodule of R/R 
is generated by one element and RIR is serial. 
(5) + (1) Assume RIR is serial. Let B be a module-finite overring of R, let M 
be a maximal ideal of B and let M# = (B :K M). To see that B is Gorenstein it 
suffices to show M#IB g BIM by Theorem 1.1, and fnr this we may assume t 
M is not principal. It then follows that M# = (M : K M) and since this is a finite 
R-module the hypothesis implies that (M :K M) = R + Rx for some x E (M : K M). 
Thus (M :K M) = B + Rx and so M #lB is one-dimensional over Bl M. Cl 
The integral closure of a two-generated local ring is described in [23, Theorem 
3.61. The following corollary gives a similar description for the integral closure of 
a stable local ring. 
Theorem 3.3. If (R, m) is stable and does not have the two-generator property, 
then 
(a) R is not a finite module, 
(b) R is quasi-local, say with maximal ideal M, 
(c) (R, M) = U ((Ri, m,) 1 i 20) where (R, m) = (R,,, m,,) and mi is the unique 
maximal ideal of Ri = (mi_ , : K mi _ , ) for each posi;ive integer 1, 
(d) RIM = Rim, and 
(e) for each i the length of (Ri r, IR,) is ~2 as an R-module. 
Proof. Part (a) follows from Theorem 1.4 and then part (b) follows from 
Corollary 2.3. Part (c) follows from Lemma 1.5, and (d) follows from this and 
Lemma 3.1. Part (e) follows by (2) 3 (4) of Theorem 3.2. Cl 
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4. Decomposing torsionfree modules 
It is known that if R is reduced and has finite integral closure, then the 
two-generator property is equivalent to the property that every faithful torsion- 
free finitely generated R-module has a direct summand isomorphic to a faithful 
ideal. (See 127. pp. 444-4451 for a discussion of this. A closely related question is 
studied in [g). A related class of not necessarily Noetherian rings is the class of 
D-rings [ 163.) It was shown in [ 151 that for one-dimensional Noetherian domains 
which do not have finite integral closure, the two-generator property is equivalent 
to the property that locally every torsionfree finitely generated R-module has a 
&rect summand isomorphic to an ideal. It was then asked, [15, p. 2651, if this 
holds in the nonlocal case (for domains). This is also mentioned in [ 16, p. 841. We 
answer this question in Theorem 4.3. For this we need a couple of lemmas, the 
first of which is contained in the proof of [l, Proposition 7.21. The second was 
given for domains in [5, Proposition 3.11. We continue to assume that R is a 
one-dimensional Macaulay ring with total quotient ring K and integral closure R, 
and that no prime ideal of R is both minimal and maximal. If A is an R-module 
and aEA then the trace of a is qJa)= (f(a)1 fEA*}, where A* = 
Hom,(A, R). The ideal of R generated by (r,Ja) 1 a E A} will be called the trace 
of A and denoted by TV. Recall that if M is a finitely generated R-module, 
then M is said to be torsionfree if the canonical map M + M BR K is injective. 
Lemma 4.1. If A is a reflexive R-module with I = TJ A), then I_ ’ is a ring and A is 
an I-’ -module. Cl 
Lemma 4.2. Let M be a finitely generated torsionfree R-module such that M BR K 
is a free K-module of rank ~2. If TV = R, then M z R03 M, for some 
submodule M, (and conversely). 
Proof. Since M & K is a free K-module of rank 22 there exists 4 = 
(f, g) : M+ R(‘) such that 4 8 1, is onto. Let C = coker@), and I = (0 :R C). 
Then if a prime ideal P of R does not contain I, we have I, = R, and thus 
cbr,= ( fp, gp) is onto. Therefore, fp and g, are both onto. We wish to find 
g’E Hom,(M, R) such that if (5’ = (f, g’), then 4’ @ 1, is onto, and for each 
maximal ideal P, fp or g; is onto R,.. 
Since R/I ha; dimension zero there exists h E Hom,(M, R) such that h 8 l,,, is 
onto. This follows by a standard patching argument which, for the readers 
convenience, we will recall here. Let P, , Pz, . . . , P,, be the prime ideals of R 
which contain I, let J denote the radical of I, and let k be an integer such that 
J” C P. Since TV = R, we can find a surjective map 
6 E Horn,,, 
I (M,,, RP) Z R, 09, Hom,(M, R) , I 
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for each i=l,..., n. For each i write fi as hilsi with h, E Horn&M, R), and 
Si E R - Pi. Then hi/ 1 E Horn,&‘&,, Rp,) is also sui jective. Choose II, E R such 
that Ui s S, (mod Pl), where c;’ is the Kronecker delta. Then h = u,h, + l l - + 
u,&, E Hom,(M, R) has the property that h @ lRp /+, is surjective for i = 
1,2,. . . ,n.Thush@l RI, is onto and then h, is onto ior Gach prime ideal P of R 
which contains I by Nakayama’s lemma. 
Let z,, . . . , z, be the minimal primes of R numbered so that if z is a minimal 
prime, then (f,, h,): A4@RR,+(RZ)(‘) is onto if and only if zE {z,, . . . , Zj>. 
Let N be the nilradical of R and let k be a positive integer such that N” = 0. Let 
r~ (I n z, f7 l l l fl Zj) - (Zj+, U l . l U z,,) and let g’ = h + r”g. Then if 4’ = 
(f, g’), then 4’ @ 1, is onto, since this holds locally at each prime ideal of K. 
Indeed the localizations of K at prime ideals are the rings R;, z a minimal prime 
ofR.ButifzE{z ,,..., zj>, then (f=, h,) is onto by our choice of numbering of 
the Zi. Further, since rk E zk and 0 = ikRz = zkR,, rk becomes 0 in R:. Thus 
(f,, g:) = (f,, h,) is onto. Now assume z E (Zj+ 1, . . . , z,,}. Then (f,, hZ) is not 
onto (R,) ‘? Thus by Nakay ama’s lemma (f @R I,_,,,_, h @R I,_,,,_) generates a 
one-dimensional subspace of the vector space (R, jNR‘,)‘*! Sin& the image of rk 
is not zero in the field R,INRZ, it follows that 
@@RIRINRz = (f @RIR INR 7 z ; ; g'@RIR INR 1 ,‘ -‘ 
=(f@&,NR yh@RIRINR +rkg@RIRtNR) ,‘ ; .T z z 2 
is onto. Thus 4: is onto by Nakayama’s lemma. Also it follows that for each 
maximal ideal P of R, either fp or gh is onto R,. Indeed if P contains I, then, as 
observed above, h 0 lR,I is onto, and h 0 lR,I = g’ 63 1,/I. Thus gb is onto R, by 
Nakayama’s lemma. If a prime ideal P of R does not contain I, then, as observed 
above, fp (and gP) are onto. 
Now let C’ = coker(@). Since C’ is locally cyclic over an Artin ring, it is cyclic. 
Let u, v, be a basis of R (*) Then since Artin rings have 1 in the stable range, the . 
image of u + au in C’ generates C’ for some a E R. Thus w = v - b(u + au) E 
im(Q2’) for some I, E R and {N, u + au] is a basis for R’? We then get that 
im(&) = Rw @ A for some submodule A and thus there exists a surjective 
homomorphism M+ R. Cl 
We can now give a structure theorem for certain torsionfree R-modules over 
rings with the two-generator property. This result was given for Bass orders in [2], 
and for Bass rings in [ 141. If A is a torsionfree R-module we consider A as 
embedded in A @R K and call the ring p(A) = {x E K 1 xA C A} the coeficient 
ring of A. 
Theorem 4.3. Assume that R has the two-generator property. If M is a finitely 
generated torsionfree R-module such that M @R K is a free K-module of rank n, 
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where R c R, C R, C l l l c R,, is a chain of finite overrings and I is an invertible 
ideal of R,, (and conversely). Further, the Ri are unique and I is unique up to 
isomorphism. 
Proof. Since the coefficient ring p(M) is a finite R-module we may let R = p(M). 
Then since R is Gorenstein, M is reflexive, and thus by Lemma 4.1, TJM) = R. 
The existence of the decomposition now follows from Lemma 4.2. The ideal I will 
be regular since M OR K is a free K-module of rank n, and thus is invertible over 
its coefficient ring R,, since R is stable. The uniqueness will follow from the next 
theorem. 
Before doing the uniqueness part of the theorem we obtain an analogue of the 
main theorem of [14]. The uniqueness will follow from this. First recall that since 
R is a one-dimensional Macaulay ring such that no maximal ideal of R is also a 
minimal prime ideal, then the total quotient ring K of R is Artinian and we can 
write K= Ke,CE+ - @ Ke,, , where the ei are idempotents and the Kei are Artinian 
local rings. We call these ei the fundamental idempotents of R . They are clearly 
contained in R. and thus R = Re, @a l l @ l?e,, . If S is an overring of R (that is, 
R c S C K) and M is a finitely generated torsionfree R-module we denote by SM 
the S-submodule of M OR K generated by the canonical image of M in M OR K. 
As in [14] we let 
/i;M = (A;M)lt(A;M) , 
where t(A) denotes the torsion submodule of an R-module A. Since t(A”,M) is the 
kernel of the canonical map ALM + AL(KM) it follows that i:M is canonically 
isomorphic to the image of AiM in AL-KM). 
In the case where R is reduced the ideal class cl(M) of a finitely generated 
torsionfree R-module M was defined in [ 141 as follows. Write K = K, CB l l l 43 Km, 
where the Ki are fields, and let &j(M) denote the sum of the units ei E Ki such that 
dim,,( Ki M) = j. The ideal class cl(M) of M was then defined as the iaomorphism 
class of 
Theorem 4.4. The main properties of cl(M) are [14]: 
(a) cl(M $ N) = cl(M)cl(N). 
(b) cl(M) is the isomorphism class of a faithful ideal of R. 
(c) M is projective if- and only if cl(M) is projective. 
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In our case we will no longer assume that R is reduced but we will only be 
interested in fi.,itely generated torsionfree R-modules M such that K @_R M is 
K-free. FOI these modules cl(M) is merely the isomo:phism class of (AlA4). 
where YL is the rank of the K-module A4 BR K. Then Theorem 4.4(a) and (b) 
above are immediate from the definition and Theorem 4.4(c) follows from [ 191. 
We get the following analogue of the main theorem of [14]. 
Theorem 4.5. Assume that R has the two-generator property and let M and N be 
finitely generated torsionfree R-modules such that K aR M and K BR hf are K-free. 
Then M and N are isomorphic if (and only if) M,#, and NtPJ are isomorphic for each 
maximal ideal m of R and cl(M) = cl(N). 
Proof. If M has rank 1, then so does N, and hence M and N belong to 
cl(M) = cl(N). Thus assume that M and N have rank 22. Since the coefficient 
rings are determined locally, we may assume p(M) = p(N) = R. Then by the 
existence part of Theorem 4.3 we get that M z R Cf3 M, and N z R G3 N, for some 
R-modules M, and N, which become free when we tensor with K. Thus from 
Theorem 4.4(a) above we see that cl( M, ) = cl( N, ). Also M, and N, are locally 
isomorphic by local cancellation [25]. But since M, and N, have smaller rank than 
M, the result follows by induction. Cl 
The uniqueness statement of Theorem 4.3 now follows. Indeed assume that 
where RC R, CR,&-- l c R,, and RC S, C S2 C -0. c S,, are chains of finite 
overrings of R, and I and J are invertible ideals of R,, and S,,, respectively. Then 
PW) = R, = S, 9 so considering everything over RI we can use the above theorem 
to cancel R 1. We can finish by induction. Cl 
5. Applications to genus and cancellation 
The above two theorems make transparent many questions about the cancella- 
tion of direct summands from torsionfree modules which have preliously been 
studied in several papers (e.g., [13, 14, 21, 271). Indeed it follows that if 
M=R,$*- l $ R,,_ 1 $ I, where R C R, C R, C l l - C R,, are finite overrings of R 
and I is an invertible ideal of R,, , then p(M)-=-R, , cl(M) = I, and p(cl( M)) = R,, . 
Further, the rings Rj are determined locally. That is if N is another R-module with 
decomposition N s S, CD l l l CJ3 S,, _ 1 $ J as above and M and N are in the same 
genus, then Ri = Si for each i = 1, . . . n. Recall that R-modules M and N are said 
to be in the same genus if M, z NP for each maximal ideal P of R. Thus the genus 
class and the isomorphism class of a finitely generated torsionfree R-module M 
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such that KBR M is K-free are easily described. The following theorem now 
follows immediately from either Theorem 4.3 or Theorem 4.5. 
Theorzm 5.1. Assume that R has the two-generator property and let M s R, @ 
l +BR,,_,$I, where R&R, C R,C== l c R,, is a chain of finite overrings of R 
and I is an invertible ideal of R,, . Then an R-module N is in the genus of M if and 
only if N s R, $ 9 . l 03 R,, _ , Cl3 J, where J is an invertible ideal of R,, . Thus the 
genus of M is parameterized by Pic(R,,!. 
To see more on the information given above recah that for any finite overring S 
of R we have a surjection of Picard groups Pit(R) + Pit(S). This follows from the 
exactness of the Mayer-Vietoris sequence, where C = (R :R S), 
R”-,S” x (R/C)“--,(SIC!*-,Pic(R) 
+ Pit(S) x Pic(RIC)+ Pic(SIC) . 
Also, since Pic(R ) is the direct limit of Pic(S! over all finite overrings S of R, the 
map Pit(R)* Pit(R) is also surjective. Thus the orders of the gioups Pit(R) and 
Pic(R ) give uniform upper and lower bounds respectively on the cardinalities of 
the set of isomorphism classes in each genus class of finitely generated R-modules 
M such that M BR K is K-free. Further, if Pit(R) is finite, then the cardinality of 
each such genus class divides the order of Pit(R) and is divisible by the order of 
Pit(R). 
If n is a positive integer and M is a R-module, we denote the direct sum of n 
copies of M by M (‘,! it follows from either Theorem 4.3 or Theorem 4.5 that if M 
is a finitely generated torsionfree R-module such that M QR K is K-free and 
‘M @ X z N @ X, where X is a projective R-module of constant rank, then M s N. 
Indeed we may add on a summand to reduce to the case that X is free and then 
use Theorem 4.3 or Theorem 4.5. More generally, we get M s N if instead of X 
projective we merely assume that K QDR X is K-free and p(cl(X)) c p(cl(M)). We 
elaborate on this by giving some relationships among the following statements: 
(a) M @ X 3 N @ X for some finitely generated R-module X, 
(b! M,,, s N,,, for each maximal ideal m of R, 
(c) M(4) S NC9’ for some q 2 1. 
Since (a), (b), and (c) each imply that M z N for finitely generated modules 
over a semilocal (Noetherian) ring [25], then, if M is a finitely generated 
torsionfree R-module such that M BR K is K-free and any of (a), (b), or (c) hold, 
then N QR K is also K-free. Also it follows that (a) implies (b) for all finitely 
generated R-modules M and N. Observe that the canonical decomposition of 
M”’ as in Theorem 4.3 is easily determined 6 ,rom the decomposition for M. The 
following results (Propositions 5.2 and 5.4) further indicate how the structure 
theorem (Theorem 4.3) allows techniques from the study of modules over 
Rings wifh two-gerieraied ideals 271 
Dedekind domains to be adapted to the case of torsionfree modules over rings 
having the two-generator property. They were obtained in [ 14, Theorems 5.6 and 
6.61 under the additional assumption that R is reduced and has finite integral 
closure, but without the assumption that K BR M is K-free. Variations of these 
results were also given in [21], where R was allov, ed to be any one-dimensional 
reduced Noetherian ring, although the conclusions are necessarily not as sharp in 
this generality. Further comments on this are given at the end of this section. 
Proposition 5.2. Assume that R has the two-generator property. 
(i) If Pit(R) is a torsion group with finite exponent e, then e is the least 
exponent q such that (b) implies (c) f or all finitely generated R-modules M such that 
K BR M is K-free, and for all R-modules N. 
(ii) If h(R) is a torsion group with infinite e.xponent, then (b) implies (c) but 
no single value q works for all M,N as above. 
(iii) If Pit(R) is not a torsion group, then there exists M,N as above satisfying 
(b) but not (c) for each q. 
Proof. The proofs are almost the same as those in [ 141. To illustrate the essential 
ideas we present the argument for (i). Since M and N are in the same genus we 
have p(cl(M)) = p(cl(N)). Denote this ring by S. Then since e is an exponent for 
Pit(R), it is also an exponent for Pit(S). Thus cl(M)’ = cl(N)‘, and so it follows 
from Theorem 4.4 that M(‘) ‘y .- N”! To see that e is the minimal exponent that 
works observe that if I is an invertible ideal of R such that e is the smallest 
positive integer such that I’ E R, then I and R are in the same genus, but 
I(‘) E R(‘) + I’s R by Theorem 4.5. Thus t 2 e. The other parts follow 
similarly. 0 
Proposition 5.3. If R has the two-generator property and M is a finitely generated 
torsionfree R-module such that K BR M is K-free, then the following are equivalent. 
(i) M$XzN$Xf or some finitely generated torsionfree R-module X such 
that K @OR X is K-free. 
(ii) M03Sr N$S f or some finite overring S of R containing p(cl(M )). 
Proof. It suffices to show (i) + (ii). But (i) implies that cl(M)cl(X) = cl(N)cl(X). 
Let B be a finite overring of R containing p(cl(M)) = p(cl( N)) and p(cl(X)). Then 
cl(M)cl(X)B = cl(N)cl(X)B, and since cl(X)B is invertible we get cl(M)B = 
cl(N)B. Thus cl(M$B)=cl(N@B), and hence M$B~NN$B by Theorem 
4.5. cl 
Now if S is an overring of R, we let D(R, S) denote the kernel of the map 
Pit(R)+ Pit(S). It follows tlrat D(R, R) = U D(R, S) where the union is over all 
finite overrings S of R, and that the surjection Pit(R)+ Pit(S) maps D(R, R) 
onto D(S, R) for each subring S of R containing R. 
272 D. E. Rrtsk 
Proposition 5.4 (Power cancellation). Assume that R has the two-generator 
property. 
(i) If D(R, R) is a torsion group with finite exponent e. then e is the least 
exponent q such that (a) implies (c) for all finite@ generated torsionfree R-modlsies 
M and X such that K 8, X and K @Cl8 M are K-free. 
(ii) If D(R, l?) is a torsion group with infinite exponent, then (a) implies (c) for 
these modules but no singl,n value q works for all such M, N and X. 
(iii) If D(R, I?) is not a torsion group, then there exist finitely generated 
R-modules M, N and X as above satisfying (a) but not (c) for each q. 
Proof. If (a) holds, then by the above theorem M @ I? z N 63 B for some finite 
overring B of R containing &l(M)) = S. Thus cl(M)B = cl(N)B and hence 
cl(M)cl(N)-* E D(S, B)E D(S, R). But since D(S, R) is a homomorphic image 
of D(R, fi) we get cl(M)’ = cl(N)” and hence cl( M”‘) = cl( N”‘). Thus M(‘) z 
N”‘) by Theorem 4.5. 
To see that e is the minimal exponent that works observe that if I E D(R, I?) 
has exponent e, then e is the smallest positive integer k such that I’“’ E Rtk) by 
Theorem 4.5. But IE g RR + IS z RS for some finite overring S, and thus 
cl( I Cl3 S) = cl(R 43 S). Therefore, I Cl3 S g R 63 S. 
The other parts follow similarly. Cl 
The case e = I of the above theorem perhaps deserves special mention. 
Corollary 5.5. If R has the two-generator property, then the following are equiv- 
alent. 
(i) If M and X are finitely generated torsionfree R-modules such that K aR M, 
K@,Xare K-free,and M@XzN@X, then MZN. 
(ii) If A is projective of constant rank and A @ X G B Cl3 X w&h X a finitely 
generated torsionfree R-module such that K C3, X is K-free, then A z B. 
(iii) If A&S= R@S f or some finite averring S of R, then A z R. 
(iv) D(R, l?) = 0. 
Proof. It is immediate that (i) + (ii) + (iii). To show (iii) 3 (iv) fet I E D(R, l?). 
Then there is a finite overring S such IS z S G RS. But then we get from Thr;clrem 
4.5 that I CT3 S s R $ S, and thus by hypothesis I z R. That (iv) I$ (i; follows from 
the above proposition. Cl 
An alternate approach to the study of the genus and cancellation properties 
of finitely generated torsionfree modules is given in [27] in the case that R is a 
one-dimensional Noetherian reduced ring with finite integral closure. This is 
extended to all one-dimensional reduced Noetherian rings in [21]. To describe 
this, recall that R-modules M and N are said to be stably isomorphic if 
M Ci3 R(“) z N $ R(“) for some integer n 2 1. This is an equivalence relation on the 
set of isomorphism classes of firlitely generated torsionfree R-modules. It was 
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shown in [21] that if R is a one-dimensional reduced Noetherian ring, then there is 
an action of the group D(R. I?) on the set of stable isomorphism classes of finitely 
generated torsionfree R-mcdules. This was used to give variations of the results in 
this section for one-dimensional reduced Nootherian rings. Since the stable 
isomorphism class of M is just the isomorphism class of M if M is a finitely 
generated torsionfree R-module such that K 0, M is K-free and the ring has the 
two-generator property, e.g., by Theorem 4.5, then these results will give most of 
the above results for reduced rings. One could try to extend this to nonreduced 
rings but the approach used above is much simpler and seems more suited to 
these questions in the case considered above. 
6. The two-generator property in abeiian group rings 
According to [l, p. 193 one of the original motivations for studying the 
relationship of the two-generator property to decompositions of R-modules was to 
understand the modules over the integral group rings Zf G], and G a finite abelian 
group. The following generalization from the case R = Z was proved by Greither 
[7, Theorem 3.11 under the hypotheses that R is reduced and has finite integral 
closure. (See Remark 6.2 for a comment concerning Greither’s statement.) 
Theorem 6.1. Let R be a one-dimensional Macaulay ring for which maximal ideals 
have height 1 and let G be a finite abelian group of order m, where m is not a 
zerodivisor in R. Then RIG] has the two-generator property if and only if the 
folio wing hold. 
(i) R, is a principal valuation ring for each prime ideal P of R which contains 
m. 
(ii) If we write m = 2”m 1 with ml odd, then R/m, R is reduced (maybe zero), 
and if 2 is a nonunit of R, then n 5 1. 
(iii) R[l lm] has the two-generator property. 
Proof. (+) For (iii) observe that if R[ G] has the two-generator property, then its 
homomorphic image R does also, and hence so does R[ 1 lm]. 
To show (i) we may assume that R is local, say with maximal ideal P. Since 
G = H, @ pr2 + R[G] = R[H,][H,], we may assume G is a p-group, where p is 
not a unit of R. With this assumptior; it is well known that the homomorphic 
image (RIP)[G] of R[G] is a local Artinian ring and thus R[G] is local. Let I be 
the kernel of the homomorphism R[G]+ R. 
Case 1: R is a domain. 
Since R is not a field, I is a minimal prime. But R[G] is reduced, [6, Lemma 
2.71 or [20, Lemma 1.11, and not a domain. Thus I is not the only minimal prime 
of R[G], But by [23, Lemma 3.51 a local Macaulay ring with the two-generator 
property having more than one minimal prime must have finite integral closure. 
Thus the integral closure R[G] of R[ G] is a finite R[G]-module, and thus is a 
finite R-module. Therefore, since R & R[ G], R has finite integral ciosure also. It 
is well known that a tiass ring with more than one minimal prime is a subdirect 
sum of two principal valuation rings (e.g., [l, p. 221, [23. Lemma 3.51 or [7]). 
Thus it follows that R[ G] /I = I< is a principal valuation; ring. 
Case 2: R has a unique minimal prime z # (0). 
Then p,$z and hence (R/@[G] 2 R[G]/zR[G] is reduced and I + zR[G] = 
fl. Therefore, R/Z = R[ G] lfi and hence I + zR[ G] is a minimal prime and not 
the only minimal prime since (Rlz)[ G] is not a domain. Thus, since R[G] has 
more than one minimal prime, then as above R[G] is reduced. Thus this case 
cannot occur. 
Case 3: R has at least two minimal primes. 
In this case R again has finite integral closure by [23, Lemmas 3.5 and 3.21. 
Thus we are in the case considered by Greither [7, Theorem 3.11 and his result 
shows that this case does not occur. 
(ii) To show that R/m 1 R is reduced let m, = pT2p!jz - l l pIk, where the pi are 
distinct odd primes. If 1~~ is a unit, there is nothing to show. Thus let P be a 
prime ideal of R containing r?r 1. Then P contains pi for some i. To see that R/m, R 
is reduced we may check this locally and thus, as above, we may assume that m, is 
a power p” of an odd prime p, that (R, P) is local with p E P and that G is a 
p-group. From (i) we know that R is a principal valuation ring. Thus again we are 
in the case considered by Greither [7] 
If 2 is a nonunit of R we reduce as above to the case that (R, P) is local and G 
is a 2-group. We then can observe as in [7] that each subgroup of the 2-group G 
determines a minimal prime ideal I of R[ G], and thus, since a !ocal ring with the 
two-gener-tar property can have at most two minimal primes (e.g. by [23, Lemma 
3.51) then C = Z/2& and hence n = 1. 
(t) We may assume that R is local with maximal ideal P [ 1, Lemma 7.41. First 
assume that me P. Let M be a maximal ideal of B = R[G]. Since B is etale [6, 
Corollary 2.51, it follows that R and B,,, have the same multiplicity. Thus B, has 
the two-generator property [23, Lemma 3.21, and hence B does also. 
If rzz E P, then by (i) (R, P) is a principal valuation ring. Let p be a prime 
integer dividing m with p E P and write G = G, @ G, , where C, is cyclic of order 
p. Let B, = R and B, = R[ 51, 5 a primitive pth root of unity. Then the canonical 
embedding of R[ G,] z R[X] I(Xp - 1) into B, x B3 exhibits R[G,] as a subdirect 
sum of two principal valuation rings [20, Lemma 1.121. This uses the hypothesis 
(ii) that RlpR is reduced if p is odd, and is automatic if p = 2. Thus R[ G,] is 
two-generated. That R[ G] is two-generated now follows from the fact that R[ G] 
is et& over R[G,] by [6, Corollary 2.51. Cl 
6.2. Remark. In the statement [7, Theorem 3. l] the phrase ‘if 2 is a nonunit of R’ 
was not included. This is needed however, since if R is a ring with the 
two-generator property in which 2 is a unit and G is a finite 2-group, then R[G] 
has the two-generator property since it is etale over R. 
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